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Abstract
In this paper, we investigate subquadrangles of order s of flock generalized quadrangles S of order
(s2, s), s odd, with base point (∞), where the subquadrangle does not contain the point (∞). We prove that
if the flock generalized quadrangle has such a subquadrangle, then S is classical. This solves “Remaining
case (a)” in Brown and Thas [M.R. Brown, J.A. Thas, Subquadrangles of order s of generalized quadrangles
of order (s, s2), II, J. Combin. Theory Ser. A 106 (2004) 33–48] (“Remaining case (b)” was already handled
in K. Thas [K. Thas, Symmetrieën in eindige veralgemeende vierhoeken (Symmetries in finite generalized
quadrangles), Master thesis, Ghent University, Ghent, 1999, 186 p.]). As a corollary we have: ifO(n,2n,q)
is an egg in PG(4n − 1, q) for which the translation dual O∗(n,2n,q) is good at the tangent space of
O(n,2n,q) at its element π and if there is a pseudo-oval onO(n,2n,q) not containing π , thenO(n,2n,q)
is classical. As a byproduct we prove that if the flock GQ S of order (s2, s), s odd, has a regular point x
collinear with, but distinct from, the base point (∞), then S is a translation generalized quadrangle with
base line x(∞).
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
This paper is a sequel to the series of papers “Subquadrangles of order s of generalized quad-
rangles of order (s, s2), I” [3] and “Subquadrangles of order s of generalized quadrangles of
order (s, s2), II” [4], both authored by Brown and Thas.
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S of order (s2, s), s odd, with base point (∞), where the subquadrangle does not contain the
point (∞). We prove that if the flock GQ has such a subquadrangle, then S is classical. This
solves “Remaining case (a)” in Brown and Thas [4]; “Remaining case (b)” was already handled
in K. Thas [21]—see also [22] and [23]. As a corollary of our result, we have: ifO(n,2n,q) is an
egg in PG(4n− 1, q) for which the translation dual O∗(n,2n,q) is good at the tangent space of
O(n,2n,q) at its element π and if there is a pseudo-oval on O(n,2n,q) not containing π , then
O(n,2n,q) is classical. As a byproduct we prove that if the flock GQ S of order (s2, s), s odd,
has a regular point x collinear with, but distinct from, the base point (∞), then S is a translation
generalized quadrangle with base line x(∞).
Note that for convenience we will sometimes switch between subquadrangles of order s of
generalized quadrangles of order (s2, s) and the dual situation.
We begin with some definitions and fundamental results in the next section.
2. Some basic definitions and notation
A (finite) generalized quadrangle (GQ) (see Payne and Thas [13] for a comprehensive in-
troduction), is an incidence structure S = (P,B,I) in which P and B are disjoint (non-empty)
sets of objects called points and lines, respectively, and for which I⊆ (P × B) ∪ (B × P) is a
symmetric point-line incidence relation satisfying the following axioms:
(i) Each point is incident with t + 1 lines (t  1), and two distinct points are incident with at
most one line.
(ii) Each line is incident with s + 1 points (s  1), and two distinct lines are incident with at
most one point.
(iii) If x is a point and L is a line not incident with x, then there is a unique pair (y,M) ∈ P ×B
for which xIMIyIL.
The integers s and t are the parameters of the GQ and S is said to have order (s, t). If s = t ,
then S is said to have order s. If S has order (s, t), then it follows that |P | = (s + 1)(st + 1) and
|B| = (t + 1)(st + 1), see 1.2.1 of Payne and Thas [13].
A subquadrangle (or also subGQ) S ′ = (P ′,B ′,I′) of S is a GQ such that P ′ ⊆ P , B ′ ⊆ B ,
and I′ is the restriction of I to (P ′ × B ′) ∪ (B ′ × P ′). If S = (P,B,I) is a GQ of order (s, t),
then the GQ SD = (B,P,I) of order (t, s) is called the (point-line) dual of S .
As there is a point-line duality for GQs of order (s, t), we assume without further notice that
the dual of a given theorem or definition has also been given.
The classical GQs of order s (s a prime power) are
• Q(4, s) that arises as the points and lines of a non-singular (parabolic) quadric in PG(4, s),
and
• W(s) which is defined as the points of PG(3, s) together with the absolute lines of a sym-
plectic polarity in PG(3, s).
The classical GQ of order (s, s2) is Q(5, s) that arises as the points and lines of a non-singular
(elliptic) quadric in PG(5, s) and the classical GQ of order (s2, s) is H(3, s2) that arises as
the points and lines of the non-singular Hermitian variety in PG(3, s2). We have that W(s) ∼=
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Payne and Thas [13]).
Given two (not necessarily distinct) points x, y of S , we write x ∼ y and say that x and y
are collinear, provided that there is some line L for which xILIy. Dually, for L,M ∈ B , we
write L ∼ M if L and M are concurrent. For x ∈ P , we define x⊥ = {y ∈ P ‖ x ∼ y}, while for
A ⊆ P , we define A⊥ as A⊥ =⋂{x⊥ ‖ x ∈ A} and A⊥⊥ = {x ∈ P ‖ x ∈ y⊥ for all y ∈ A⊥}.
If x ∼ y, x = y, or if x  y and |{x, y}⊥⊥| = t +1, where x, y ∈ P , we say that the pair {x, y}
is regular. The point x is regular provided {x, y} is regular for all y ∈ P , with y = x. Regularity
for lines is defined dually.
Let S = (P,B,I) be a GQ of order (s, t), with s = 1 = t . A collineation θ of S is an elation
about the point p if θ = id or if θ fixes all lines incident with p and no point of P \ p⊥. If there
is a group G of elations about p acting regularly on P \ p⊥, then we say that S is an elation
generalized quadrangle (EGQ) with elation group G and base point or center or elation point p.
Briefly, we write that (S(p),G) or S(p) is an EGQ. If the group G is abelian, then we say that
the EGQ (S(p),G) is a translation generalized quadrangle (TGQ) with translation group G and
base point or center or translation point p. For any TGQ S(p) the point p is coregular, that
is, each line incident with p is regular. Furthermore, for any TGQ S(p) each line incident with
p is an axis of symmetry, that is, there is a (maximal) group of s collineations of S fixing L⊥
elementwise (see Chapter 8 of Payne and Thas [13]).
In PG(2n + m − 1, q) consider a set O(n,m,q) of qm + 1 (n − 1)-dimensional subspaces
π0,π1, . . . , πqm , every three of which generate a PG(3n− 1, q) and such that each element πi of
O(n,m,q) is contained in an (n + m − 1)-dimensional subspace τi having no point in common
with any πj for j = i. It is easy to check that τi is uniquely determined, i = 0,1, . . . , qm. The
space τi is called the tangent space ofO(n,m,q) at πi . For n = m = 1 such a setO(1,1, q) is an
oval in PG(2, q) and more generally for n = m such a set O(n,n, q) is called a pseudo-oval or a
generalized oval or an [n− 1]-oval of PG(3n − 1, q). For n = m such a set O(n,m,q) is called
a pseudo-ovoid or a generalized ovoid or an [n − 1]-ovoid or an egg of PG(2n + m − 1, q); a
[0]-ovoid of PG(3, q) is just an ovoid of PG(3, q).
Now embed PG(2n+m−1, q) as a hyperplane in a PG(2n+m,q), and construct a point-line
geometry T (n,m,q) as follows.
• POINTS are of three types:
(i) the points of PG(2n+m,q) \ PG(2n+m− 1, q);
(ii) the (n+m)-dimensional subspaces of PG(2n+m,q) which contain a tangent space τi
but are not contained in PG(2n+m− 1, q);
(iii) a symbol (∞).
• LINES are of two types:
(a) the n-dimensional subspaces of PG(2n+m,q) which contain an element πi but are not
contained in PG(2n+m− 1, q);
(b) the elements of O(n,m,q).
• INCIDENCE is defined as follows: the point (∞) is incident with all the lines of Type (b) and
with no other lines; a point of Type (ii) is incident with the unique line of Type (b) contained
in it and with all the lines of Type (a) which it contains (as a subspace). Finally, a point of
Type (i) is incident with the lines of Type (a) that contain it.
The following fundamental theorem is due to Payne and Thas; see 8.7.1 of Payne and
Thas [13].
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point (∞). The translation group of T (n,m,q) induces the translation group of the affine space
AG(2n + m,q) = PG(2n + m,q) \ PG(2n + m − 1, q). Conversely, every TGQ is isomorphic
to a T (n,m,q).
In the case where n = m = 1 and O(1,1, q) is the oval O′ of PG(2, q), the GQ T (1,1, q)
is the Tits GQ T2(O′). When m = 2n = 2 and O(1,2, q) is the ovoid O′ of PG(3, q), the GQ
T (1,2, q) is the Tits GQ T3(O′). Note that T2(O′) ∼=Q(4, q) if and only if O′ is a conic, while
T3(O′) ∼=Q(5, q) if and only if O′ is an elliptic quadric (see Chapter 3 of Payne and Thas [13]).
Remark 2.2. A pseudo-oval or pseudo-ovoid O(n,m,q) is also denoted by O, and T (n,m,q)
is also denoted by T (O).
In the extension PG(2n + m − 1, qn) of PG(2n + m − 1, q), with m ∈ {n,2n}, we consider
n (m
n
+ 1)-dimensional spaces PG(i)(m
n
+ 1, qn) = ζi , with i = 1,2, . . . , n, which are conjugate
with respect to the extension GF(qn) of GF(q), that is, which form an orbit of the Galois group
corresponding to this extension, and which span PG(2n + m − 1, qn). In ζ1 we now consider
an oval O1 for m = n and an ovoid O1 for m = 2n. Let O1 = {x(1)0 , x(1)1 , . . . , x(1)qm }. Further, let
x
(1)
i , x
(2)
i , . . . , x
(n)
i , with i = 0,1, . . . , qm, be conjugate with respect to the extension GF(qn) of
GF(q). The points x(1)i , x
(2)
i , . . . , x
(n)
i generate an (n− 1)-dimensional space PG(i)(n− 1, q) =
πi over GF(q). Then O = {π0,π1, . . . , πqm} is a generalized oval of PG(3n − 1, q) for m = n,
and a generalized ovoid of PG(4n − 1, q) for m = 2n. (In fact, O corresponds to O1 when
expressing PG(2, qn), respectively PG(3, qn), over the subfield GF(q) of GF(qn).) Here, we
speak of a regular or elementary pseudo-oval, respectively a regular or elementary pseudo-ovoid.
If m = n, then in the regular case T (n,n, q) ∼= T2(O1); similarly, for m = 2n, in the regular case
we have T (n,2n,q) ∼= T3(O1).
For m = n, any known [n − 1]-oval is regular, for m = 2n and q even any known [n − 1]-
ovoid is regular, while for m = 2n and q odd there are examples of [n− 1]-ovoids which are not
regular; see Thas [17]. A regular pseudo-oval for which O1 is a conic is called either a pseudo-
conic or a classical pseudo-oval, and a regular pseudo-ovoid for which O1 is an elliptic quadric
is called a pseudo-quadric or a classical pseudo-ovoid or a classical egg. If O is a pseudo-
conic, then we have T (O) ∼= T2(O1) ∼= Q(4, qn), and if O is a pseudo-quadric, then we have
T (O) ∼= T3(O1) ∼=Q(5, qn); see Section 3.2 of Payne and Thas [13].
The tangent spaces of an egg O(n,2n,q) in PG(4n − 1, q) form an egg O∗(n,2n,q) in
the dual space of PG(4n − 1, q); see 8.7.2 in Payne and Thas [13]. So in addition to the TGQ
T (n,2n,q) there arises a TGQ T ∗(n,2n,q) of the same order. The egg O∗(n,2n,q) =O∗ will
be called the translation dual of O(n,2n,q) =O, and T ∗(n,2n,q) = T ∗(O) = T (O∗) will be
called the translation dual of the GQ T (n,2n,q) = T (O). There are examples of eggs O =
O(n,2n,q) for which O ∼=O∗ and examples for which O O∗; see e.g. Payne [11].
3. Good eggs, flocks, BLT-sets and the construction of Knarr
Let O(n,2n,q) be an egg of PG(4n − 1, q). We say that O(n,2n,q) is good at the ele-
ment πi of O(n,2n,q) if any PG(3n − 1, q) containing πi and at least two other elements of
O(n,2n,q), contains exactly qn + 1 elements of O(n,2n,q). In such a case the corresponding
TGQ T (n,2n,q) contains q3n + q2n subquadrangles of order qn containing both the base point
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q odd these q3n + q2n subquadrangles are isomorphic to the classical GQ Q(4, qn); see Thas
[17]. By 8.7.4 of Payne and Thas [13] the TGQ T (n,2n,q) is isomorphic to a GQ of Tits of
order (qn, q2n) if and only if the corresponding egg is good at each of its elements.
Let K be a quadratic cone with vertex x in PG(3, q). A partition F of K \ {x} into q disjoint
conics is called a flock of K. Then with F there corresponds a GQ S(F) of order (q2, q); see
Thas [16]. Such a GQ S(F) will be called a flock GQ. The GQ S(F) is the classical GQ H(3, q2)
if and only if the flock is linear, that is, if and only if all planes of the conics of the flock contain
a common line. The GQ S(F) is an EGQ with base point (∞); by Payne and Thas [14] the base
point (∞) is uniquely determined if S(F) is not classical. From Sections 1 and 7 of Payne [11]
it follows that the elation point (∞) is regular.
Let F be a flock of the quadratic cone K in PG(3, q). Dualizing in PG(3, q) we see that this
is equivalent to a set of q points p1,p2, . . . , pq in AG(3, q), such that any line pipj , with i = j ,
intersects the plane at infinity π∞ of AG(3, q) in a point not on the q + 1 lines of a given dual
conic Γ in π∞; for q odd this is equivalent to saying that pipj intersects π∞ in an interior point
of a given conic C in π∞.
Let F = {C1,C2, . . . ,Cq} be a flock of the quadratic cone K with vertex x of PG(3, q), with
q odd. The plane of Ci is denoted by ξi , i = 1,2, . . . , q . Let K be embedded in the non-singular
quadric Q of PG(4, q). Let the polar line of ξi with respect to Q be denoted by Li and let
Li ∩Q= {x, xi}, i = 1,2, . . . , q . If Hi is the tangent hyperplane of Q at xi , then put Hi ∩Q=
Ki , Hi ∩ Hj ∩Q = Ki ∩ Hj = Cij and Cii = Ci , with i, j = 1,2, . . . , q and i = j . By Bader,
Lunardon and Thas [2], Fi = {Ci1,Ci2, . . . ,Ciq} is a flock of Ki , i = 1,2, . . . , q . We say that
the flocks F1,F2, . . . ,Fq are derived from the given flock F . By Payne and Rogers [12] the
GQs S(F),S(F1), . . . ,S(Fq) are isomorphic. The set {x, x1, . . . , xq} is called a BLT-set of the
classical GQ Q(4, q). Dualizing we obtain a set {L,L1, . . . ,Lq} consisting of q + 1 lines of the
GQ W(q); such a set is called a BLT-set of W(q). A BLT-set W of W(q) has the property that
any line of W(q) is concurrent with either 0 or 2 elements of W .
Assume that the point-line dual of the flock GQ S(F) of order (q2, q), with q odd, is a
TGQ with translation point L. If S(F) is not classical then, as the elation point (∞) of S(F) is
uniquely determined, the line L of S(F) is incident with (∞); if S(F) is classical, then we may
assume that L is incident with (∞). By Thas [17] the translation dual of the corresponding egg
O(n,2n,q) is good at the tangent space τ of O(n,2n,q) at the element π which corresponds to
the element (∞). Conversely, by Thas [18], if the translation dual of an egg O(n,2n,q) = O,
with q odd, is good at the tangent space τ of O(n,2n,q) at its element π , then the point-line
dual of T (O) is a flock GQ with elation point π .
Let K be the quadratic cone with equation X0X1 = X22 of PG(3, q), q odd. Then the q planes
ξt with equation tX0 − mtσX1 + X3 = 0, t ∈ GF(q), m a given non-square of GF(q), and σ a
given automorphism of GF(q), define a flock F of K; see Thas [16]. The corresponding GQs
S(F) were first discovered by Kantor [7] and deduced from Knuth semifields, and so these flocks
are called Kantor–Knuth flocks. The point-line dual of S(F) is a TGQ T (O) and in Payne [11]
it is proved that T (O) ∼= T (O∗); the good element of O∗ is the tangent space of O at its good
element π . This egg O (respectively, O∗) will be called a Kantor–Knuth egg. A Kantor–Knuth
flock F is linear if and only if σ = 1. Finally, in Thas [16], it is proved that for q odd the q planes
of the conics of a flock F have a point in common if and only if F is a Kantor–Knuth flock.
Now we describe a beautiful construction of flock GQs in the odd case, due to Knarr.
Start with a symplectic polarity Θ of PG(5, q), q odd. Let p ∈ PG(5, q) and let PG(3, q) be
a 3-dimensional subspace of PG(5, q) for which p /∈ PG(3, q) ⊆ pΘ . In PG(3, q) Θ induces a
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and let W be the corresponding BLT-set of W(q). Now construct a geometry S = (P,B,I) as
follows:
• POINTS are of three types:
(i) the q5 points of PG(5, q) not in pΘ ;
(ii) the q3 + q2 lines of PG(5, q) not containing p but contained in one of the planes
ηi = pLi , with Li ∈W ;
(iii) the point p.
• LINES are of two types:
(a) the q4 + q2 totally isotropic planes of Θ not contained in pΘ and meeting some ηi in a
line (not through p);
(b) the q + 1 planes ηi = pLi , with Li ∈W .
• INCIDENCE I is just the natural incidence inherited from PG(5, q).
Then Knarr [8] proves that S ∼= S(F).
4. Flock GQs of order (q2, q), q odd, with a regular pair {x,y}, where y x and
(∞) = x ∼ (∞) y
Let S = (P,B,I) be a flock GQ of order (q2, q), q odd, defined by the flock F and assume
that S has a regular pair {x, y}, with y  x and (∞) = x ∼ (∞)  y. For S we will use the
model of Knarr, with corresponding BLT-set W = {L,L1, . . . ,Lq}. The space of S will be de-
noted by PG(5, q), the elation point by (∞), the symplectic polarity of PG(5, q) by Θ , and the
space of W by PG(3, q). Assume that x is a line of the plane (∞)L, with (∞) /∈ x; the point
y does not belong to (∞)Θ = PG(4, q) and x  yΘ . Let {x, y}⊥⊥ = {x, y = y1, y2, . . . , yq}
and {x, y}⊥ = {x′, z1, z2, . . . , zq}; the element x′ is a line of the plane (∞)L, with (∞) /∈ x′
and x = x′. The elements z1, z2, . . . , zq, x′ are contained in the 3-dimensional space xΘ and
in the hyperplane y1Θ . As y1 /∈ x we have xΘ  y1Θ , and so xΘ ∩ y1Θ is a plane π ′. So
z1, z2, . . . , zq, x′ are contained in π ′; similarly, y1, y2, . . . , yq, x are contained in a plane π .
Also, πΘ = π ′. As yi ∼ zj , with i, j = 1,2, . . . , q , the line yizj of PG(5, q) intersects one
of the planes (∞)Lk ; let yizj ∩ PG(4, q) = uij . Assume, by way of contradiction, that π ∩π ′ is
a line M . Then 〈π,π ′〉 = MΘ , so MΘ contains (∞), hence M ⊆ (∞)Θ . Consequently, x = x′,
a contradiction. So 〈π,π ′〉 = η is 4-dimensional, π ∩ π ′ = x ∩ x′ = {r}, and rΘ = η. It follows
that uij ∈ η for all i, j = 1,2, . . . , q , and so the points uij are contained in the union of the
lines Mi = η ∩ (∞)Li , with i = 1,2, . . . , q . Hence the q2 points uij are contained in the q lines
M1,M2, . . . ,Mq . Clearly the q points ui1, ui2, . . . , uiq belong to distinct lines M1,M2, . . . ,Mq ,
for any i ∈ {1,2, . . . , q}. Hence each line Mk contains q distinct points uij (if uij = ui′j ′ , with
{i, j} = {i′, j ′}, then yiyi′ ∩ zj zj ′ = {r}, so yi ∼ yi′ , and zj ∼ zj ′ , clearly a contradiction).
Now we project from (∞) onto a 3-dimensional space φ ⊆ η, with (∞) /∈ φ. The projection
of π is denoted by π , the projection of π ′ by π ′, the projection of Mi \ {(∞)} by Mi , etc. We
have x = x′. The points M1,M2, . . . ,Mq are on the projection of (η ∩ PG(4, q)) \ {(∞)}, so
in a plane γ . Each line yizj contains one of the points M1,M2, . . . ,Mq . Also, each point Mk
belongs to exactly q lines yizj . We have π ∩ π ′ = x = x′. Assume that y1z1 ∩ y2z2 = {M1}.
Then y1y2 ∩ z1z2 = {u} belongs to x.
Now we choose coordinates in φ. Let
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y1(0,1,0,0), z1(1,0,0,0), u(0,0,1,1),
y2(0,1,−1,−1), z2(1,0,−1,−1).
Then
M1(1,−1,0,0) and γ : X0 +X1 = 0.
We have
yi(0,1, c, d) and yiM1 ∩ π ′ =
{
(1,0, c, d)
}
.
We may assume that yiM1 ∩ π ′ = {zi}. Let y1z2 ∩ γ = {M2}. Then M2(1,−1,−1,−1). So
M2zi ∩ π =
{
(0,1,1 + c,1 + d)} ∈ {y1, y2, . . . , yq} = Y .
Putting i = 1 we obtain c = d = 0, and so (0,1,1,1) ∈ Y . Putting now c = d = 1 we obtain
(0,1,2,2) ∈ Y , etc. Hence (0,1,m,m) ∈ Y for all m ∈ GF(p), with q = ph and p prime. Clearly
X = {(0,1,m,m) ‖ m ∈ GF(p)}∪{u(0,0,1,1)} is a PG(1,p). We have y2 ∈ X. It follows that if
yi, yj , with i = j , are any two distinct points of Y , then the subline of yiyj over GF(p) defined
by yi, yj , yiyj ∩ x = uij is contained in Y ∪ {uij }. Consequently we have the following lemma.
Lemma 4.1. If δ is the elation of π with axis x mapping yi onto yj , then Y δ = Y . Equivalently,
if the affine plane AG(2,ph) = π \ x is interpreted as an affine space AG(2h,p), then Y is an
affine subspace AG(h,p) of AG(2h,p). A similar conclusion holds for {z1, z2, . . . , zq} = Z.
We may assume that the plane γ is contained in the space PG(3, q) containing the BLT-
set W , and so x = x′ = L ∈W . Then Mi ∈ Li . Let W = {M1,M2, . . . ,Mq}. We have W =
{z1y1 ∩ γ , z1y2 ∩ γ , . . . , z1yq ∩ γ }, and so the subline of MiMj , i = j , over GF(p) defined by
Mi,Mj ,MiMj ∩ L = mij is contained in W ∪ {mij }. The symplectic polarity induced by Θ in
PG(3, q) will be denoted by Θ ′, and let W(q) be the GQ in PG(3, q) defined by Θ ′. The set of
all lines of W(q) will also be denoted by W(q). Let γΘ ′ = g. Let K be the Klein mapping of
the lines of PG(3, q) onto the points of the Klein quadric Q+(5, q). Then W(q)K is the point
set of a non-singular quadric Q(4, q) on Q+(5, q); the points and lines of Q(4, q) form a GQ,
which is also denoted by Q(4, q). Let LK = l and LKi = li , with i = 1,2, . . . , q . Then the set
B = WK = {l, l1, l2, . . . , lq} is a BLT-set of Q(4, q). With the point mij there corresponds a
plane μij on Q+(5, q), i = j , with g there corresponds a plane γ , with Mi there corresponds a
plane μi , i = 1,2, . . . , q , with the plane γ there corresponds a plane Γ , and with the line gMi
there corresponds a point mi , i = 1,2, . . . , q . The set {l,m1, . . . ,mq} is a line M˜ of Q(4, q),
and also the lines limi , with i = 1,2, . . . , q , belong toQ(4, q). The planes μi,μj ,μij , . . . which
correspond to the points of the line over GF(p) containing Mi , Mj , mij , with i = j , intersect
the plane Γ in lines belonging to a common pencil of lines in Γ ; the vertex of this pencil is the
point (MiMj )K = nij . Hence the p + 1 planes μi,μj ,μij , . . . belong to a quadratic cone with
vertex nij and base a hyperbolic quadric Hij in some 3-dimensional space; we may assume that
Hij ⊆Q(4, q). The p + 1 lines limi, ljmj ,μij ∩Q(4, q), . . . belong to one regulus Rij of Hij .
So we have the following situation. Consider distinct lines mili and mj lj . Let Rij be the
regulus of Hij = 〈mili,mj lj 〉 ∩ Q(4, q) containing mili and mj lj , and let Lij be the line of
Rij containing l. Then the p + 1 elements of the subregulus Rij over GF(p) of Rij containing
mili,mj lj ,Lij , belong to the set {m1l1,m2l2, . . . ,mqlq} ∪ {Lij }.
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larity defined by Q(4, q), then we may assume that K = Q(4, q) ∩ lρ is the cone containing
C1,C2, . . . ,Cq , and that Ci = lρi ∩ lρ ∩Q(4, q), with i = 1,2, . . . , q . Further, let 〈Rij 〉ρ = rij . Let
〈limi, M˜〉ρ = Ti, 〈ljmj , M˜〉ρ = Tj , 〈Lij , M˜〉ρ = Tij ; then Tij contains l. The lines Ti, Tj , Tij
contain rij and belong to the tangent plane of K at M˜ . Further, let 〈lkmk, M˜〉ρ = Tk , with
k = 1,2, . . . , q , and {T1, T2, . . . , Tq} = Υ ; then Tk ⊆ lρ ∩ lρk .
By the foregoing the p + 1 lines of the pencil over GF(p) defined by Ti, Tj , Tij belong to
Υ ∪ {Tij }.
Now we dualize in the 3-dimensional space Π containing K; see Section 2. With the
cone K there corresponds a non-singular conic C in some plane PG(2, q) ⊆ Π . With the
conics C1,C2, . . . ,Cq there correspond q points x1, x2, . . . , xq of AG(3, q) = Π \ PG(2, q).
Let m˜ be the point of C which corresponds to M˜ . Let Υ˜ = {m˜x1, m˜x2, . . . , m˜xq} and let
〈m˜xi, m˜xj 〉 ∩ PG(2, q) = T˜ij , with i = j ; further, let m˜xi = T˜i , with i = 1,2, . . . , q . Then we
have the following lemma.
Lemma 4.2. The pencil P˜ij over GF(p) containing T˜i , T˜j , T˜ij , with i = j , is completely con-
tained in Υ˜ ∪ {T˜ij }. So the p lines of P˜ij not in PG(2, q) all belong to Υ˜ .
Let y /∈ (∞)⊥, so y is not contained in (∞)Θ = PG(4, q). There are exactly q−1 elements of
PGL(6, q) which fix (∞) and y, which fix (∞)Θ ∩ yΘ pointwise, and which commute with Θ .
These automorphisms form a group H isomorphic to the multiplicative group of GF(q); this
group H is isomorphic to the kernel of S (with respect to y) mentioned in 10.5.2 of Payne
and Thas [13]. We sometimes denote this latter group by Ky , and call it the kernel (group)
corresponding to, or, with respect to y. Let x′ = yΘ ∩ (∞)L and let x be a line of (∞)L, with
x = x′ and (∞) /∈ x. Then x and x′ are distinct collinear points of S , with (∞)Ixx′. The orbit of
x for the group H has size q −1 and consists, in the model of Knarr, of the q −1 lines containing
the point x ∩ x′, but distinct from x′ and not containing (∞). So this orbit defines exactly one
point m˜ of the conic C. In this way there arises a bijection between the points of C and the orbits
of H distinct from {(∞)} and {x′}.
5. Flock GQs of order (q2, q), q odd, with a regular point x, (∞) = x ∼ (∞)
In this section we obtain a strong characterization of flock GQs of order (q2, q), q odd, for
which the point-line dual is a TGQ of order (q, q2).
Theorem 5.1. If S = (P,B,I) is a flock GQ of order (q2, q), with q odd, then the point-line
dual of S is a TGQ if and only if S has a regular point x, with (∞) = x ∼ (∞) where (∞) is the
elation point of S .
Proof. Clearly we may assume that S is not classical.
Let the point-line dual SD of S be a TGQ. The translation point of SD is a line L∗ of S . As
the elation point (∞) of S is uniquely defined, see Section 2, we necessarily have (∞)IL∗. As
a translation point is coregular, all points of L∗ are regular.
Conversely, assume that S has a regular point x, with (∞) = x ∼ (∞). As all pairs {x, y},
with (∞)  y  x, are regular, Lemma 4.2 holds for every point m˜ on the conic C. We
will use the notation of Lemma 4.2. Assume that m˜ and m˜′ are distinct points of C, that
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m˜′xjp−2, m˜′m˜12} is a pencil over GF(p), with {m˜12} = x1x2 ∩ PG(2, q). Notation is cho-
sen in such a way that m˜xil ∩ x1x2 = m˜′xjl ∩ x1x2 = {x′l}, with l = 1,2, . . . , p − 2. If x′l ∈{x3, x4, . . . , xq}, then xil = xjl = x′l , so il = jl . Now we have the following two cases.
(1) If the plane 〈m˜, m˜′, x′l〉 contains exactly one point of F˜ = {x1, x2, . . . , xq}, then necessarily
xil = xjl = x′l .
(2) If the plane 〈m˜, m˜′, x′l〉 contains at least two points of F˜ , say xd and xd ′ , then let {xd, xd ′ }
play the role of {x1, x2}. Then we see that 〈m˜, m˜′, x′l〉 contains at least p points of F˜ .
Fix a point x′l , l ∈ {1,2, . . . , p − 2}, and assume that xil = x′l . Assume also that m˜ is fixed but
m˜′ is not fixed. Then we have Case (2) for all pairs {m˜, m˜′}. It follows that q(p − 1) + 1  q ,
clearly a contradiction. Hence xil = x′l . Consequently the subline PG(1,p) over GF(p) of x1x2
defined by x1, x2 and m˜12 belongs to F˜ ∪{m˜12}. It follows that AG(1,p) = PG(1,p) \PG(2, q)
is contained in F˜ . So the corresponding flock F of the quadratic cone K is a semifield flock and
the point-line dual of S is a TGQ for which the translation point is the line x(∞) = L∗ of S ; see
Lunardon [9]. 
As to the even case, in Thas [19] the following result is obtained.
Theorem 5.2. Let S(F) be a GQ of order (q2, q), q even, arising from a flock F . If the point
(∞) of S(F) is collinear with a regular point x, with (∞) = x, then S(F) is isomorphic to the
classical GQ H(3, q2) arising from a non-singular Hermitian variety of PG(3, q2).
6. Counting subGQs and dual grids
Let S = (P,B,I) be a non-classical flock GQ of order (q2, q), q odd. Suppose that S contains
a subGQ S ′ = (P ′,B ′,I′) of order q which does not contain the elation point (∞). The elation
point (∞) is incident with exactly one line L∗ of S ′.
Let S ′ ∩L∗ = B′; so B′ is a set of q + 1 points on L∗ different from (∞). We call B′ a subGQ
block. Let G be the standard elation group (see S.E. Payne and K. Thas [15]) of S . Then G has
the property that as soon as an element β ∈ G fixes a point z ∼ (∞) = z, it fixes z(∞) pointwise.
Fix a point r  (∞), and suppose Kr is the kernel group of S corresponding to r ; so Kr is a
cyclic group of automorphisms of S fixing (∞) and r linewise and having size q −1. If we write
G = {(α, c,β) ‖ α,β ∈ GF(q)2, c ∈ GF(q)}, and we represent S in terms of its 4-gonal family
in G (see e.g. [15] for the details), then Kr is isomorphic to the group given by the collineations
(α, c,β) → (aα,a2c, aβ), a ∈ GF(q) \ {0}.
We remark that any non-trivial element of Kr fixes only points of {(∞), r}⊥ ∪ {(∞), r}⊥⊥ [15].
If a = −1, the obtained collineation is an involution, and such an involution fixes {(∞), r}⊥ ∪
{(∞), r}⊥⊥ elementwise. In the rest of the proof, we suppose w.l.o.g. that r ∈ S ′.
Lemma 6.1. |B′KrG| ∈ {(q2(q − 1))/2, q2(q − 1)}.
Proof. The group G is a normal subgroup of the group of all whorls with center (∞) (see
[15]), so KrG = GKr is a group of size q5(q − 1). Let N be the kernel of the action of G on
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θ = 1 of G fixes B′. As the order of θ is a power of p, where q is a power of the odd prime p,
θ must fix at least one point of B′ (since |B′| = q + 1). So θ ∈ N . It follows that |B′G| = q2.
So each point of L∗ is contained in precisely q + 1 elements of B′G. Suppose r ′IL∗ is such
that r ′ ∼ r . Suppose γ ∈ Kr fixes an element B′′ of B′G containing r ′. As the order of γ divides
q − 1 and as r ′γ = r ′, γ fixes at least one of the q points of B′′ \ {r ′}. This contradicts the fact
that a non-trivial element of Kr can only fix (∞) and r ′ on L∗. So |B′′Kr | = q − 1. Since Kr
normalizes G, each element of Kr either fixes B′G or sends it to a set of subGQ blocks disjoint
from it. Suppose  ∈ Kr \ {1} fixes B′G; then it fixes the set of q +1 elements of B′G that contain
r ′. So the order of  can only be 2, implying that  is the unique involution of Kr . So we have
that |B′KrG| ∈ {q2(q − 1)/2, q2(q − 1)}, depending on whether  fixes B′G or not. 
Suppose |B′KrG| = (q2(q − 1))/2. Now we count the number Ω of pairs (Σ,S ′′), where Σ
is an ordinary quadrangle in S which has L∗ as a side, but not (∞) as a vertex, and S ′′ is an
element of S ′KrG containing . Let k be the number of such quadrangles contained in at least
two distinct subGQs of the aforementioned type. First note that as soon as one of these ordinary
quadrangles is contained in q distinct subGQs of order q as above, it follows that there is also
such a subGQ containing (∞); by the dual of 2.2.2(vi) of [13], these q subGQs would intersect
two by two in a subGQ Γ of order (1, q), and then the substructure of S consisting of Γ , the
points on the lines of Γ not contained in these q subGQs, together with all lines incident with
these points is a subGQ of order q containing (∞), a contradiction.
Hence we have
k(q − 1)+
(
q6(q2 − 1)
2
− k
)
.1 q
3(q − 1)q4(q + 1)
4
,
so that
k(q − 2) q6(q2 − 1)q − 2
4
,
whence k  q
6(q2−1)
4 . Each quadrangle  contained in distinct subGQs of order q is contained
in a dual grid of order (1, q) (the intersection of these subGQs), whence we obtain at least
q2(q2 − 1)/4 different pairs of points on L∗ \ {(∞)} which are in such a dual grid. Whence
at least (q + 1)/4 different KrG-orbits of such pairs. This observation will be used later on.
7. Subquadrangles of order q of flock GQs of order (q2, q), with q odd
In this section we solve “Remaining case (a)” in Brown and Thas [4]; we will obtain the
following result.
Theorem 7.1. Let S be a non-classical flock GQ of order (q2, q), with q odd. Then S cannot
have a subquadrangle S ′ of order q not containing the elation point (∞).
Before proving the theorem we will first obtain a lemma. Let S = (P,B,I) be a non-classical
flock GQ of order (q2, q), q odd. We suppose, by way of contradiction, that S contains a
subGQ S ′ = (P ′,B ′,I′) of order q which does not contain the elation point (∞). We freely
use the notation of the previous sections. The elation point (∞) is incident with exactly one line
(∞)L = L∗ of S ′, with L an element of the BLT-set W .
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Proof. Assume that Lemma 4.2 is satisfied for exactly α points m˜ on C; then α  (q + 1)/4 by
the end of the previous section and the end of Section 4. If the characteristic p of GF(q) is at
least 11, then (α − 1)(p − 1) + 1 > q , and so by the reasoning in the proof of Theorem 5.1, the
point-line dual SD of S is a TGQ of order (q, q2) with translation point L∗. If p = 7 and q = 7,
we have the same conclusion. So let q = 7. By the reasoning in the proof of Theorem 5.1 either
we have the same conclusion or the 7 points of F˜ are contained in a common plane. Then by
Thas [16] F is a Kantor–Knuth flock, and as q = 7, F is linear, so S is classical, a contradiction.
Finally, let p ∈ {3,5}. If q = pn, then C can be identified with a pseudo-conic in PG(3n −
1,p); the space AG(3, q) containing F˜ can be identified with an AG(3n,p) = PG(3n,p) \
PG(3n − 1,p). The set of size q = pn in AG(3n,p) corresponding to F˜ will also be denoted
by F˜ . With the α points m˜ on C correspond α (n− 1)-dimensional spaces μ1,μ2, . . . ,μα of the
pseudo-conic. The space 〈μi, F˜〉 = Φi is 2n-dimensional, with i = 1,2, . . . , α. The theorem is
proved if Φ1 ∩ Φ2 ∩ · · · ∩ Φα is an n-dimensional space; see Lunardon [9]. Let Φi ∩ PG(3n −
1,p) = ηi , with i = 1,2, . . . , α. We are done if the space η1 ∩ η2 ∩ · · · ∩ ηα = η is (n − 1)-
dimensional. Assume that η is k-dimensional, with k  n + 1. Then μi ∩ η is ki -dimensional
with ki  1. By projection from η1 onto a PG(2n−1,p) ⊆ PG(3n−1,p) skew to η1, we obtain
(α − 1)(p + 1) pn−1
p−1 , so
pn − 3
4
(p + 1) p
n − 1
p − 1 .
Hence p = 3 and n = 1, that is, S has order (9,3) so is classical, a contradiction. Next assume
that k = n. Then μi ∩ η is non-empty for all i = 1,2, . . . , α. Choosing a point in each ηi , we
obtain an α-arc in η. First assume that p = 5. By Theorem 27.3.1 of Hirschfeld and Thas [6], for
n 4 we have α  pn−1, so p
n+1
4  pn−1, clearly a contradiction for p = 5. For n = 3, we have
α  p2 + 1, and for n = 2 we have α  p+ 1, clearly a contradiction for p = 5. So for p = 5 we
have p = q = 5. Now proceed as in the case p = q = 7. Consequently we may assume that p = 3.
By Hill [5], for n 5 we have 3n+14  2.3n−2 + 2, clearly a contradiction. Hence 1 n 4. If
n = 4, then by Pellegrino [10] 34+14  20, a contradiction. If n = 1, then p = q = 3, so S has
order (9,3), hence S is classical, again a contradiction. If n = 2, then α  3. In this case η is a
plane which has exactly one point ui in common with μi , i = 1,2, . . . , α. The set F˜ is contained
in a PG(3,3), with PG(3,3) ∩ PG(5,3) = η (here PG(5,3) is the space of the pseudo-conic).
Let b ∈ F˜ . Then the plane 〈b,u1, u2〉 has 3 points b, b1, b2 in common with F˜ . If b, b1, b2 are
not collinear, then {b, b1, b2, u1, u2} is a 5-arc of 〈b,u1, u2〉, a contradiction. Hence b, b1, b2 are
collinear. Considering all planes containing u1u2 and a point of F˜ , we see that F˜ is the union of 3
affine lines over GF(3), which are mutually skew in AG(3,3) = PG(3,3) \ PG(5,3). Applying
a similar argument to u1u3 and u2u3, we easily see that F˜ is an AG(2,3), and then the theorem
is proved; see Lunardon [9]. Finally, let n = 3. Then α  7. Now η is a 3-dimensional space
which has exactly one point ui in common with μi , i = 1,2, . . . , α (as any three spaces μi ∩ η
are linearly independent). The set F˜ is contained in a PG(4,3), with PG(4,3) ∩ PG(8,3) = η
(PG(8,3) is the space of the pseudo-conic). Let b ∈ F˜ . By the foregoing the 3-dimensional
space 〈b,u1, u2, u3〉 intersects F˜ in an affine plane over GF(3). Hence F˜ is the union of 3 affine
planes β1, β2, β3 over GF(3), which are mutually skew in AG(4,3) = PG(4,3)\PG(8,3). Now
assume that u4 /∈ 〈u1, u2, u3〉. Consider the affine planes β ′1, β ′2, β ′3 defined by 〈u1, u2, u4〉. The 9
affine lines βi ∩β ′ , with i, j = 1,2,3, in the 9 planes of PG(4,3) containing u1u2, which are notj
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with u5 /∈ 〈u1, u2, u3〉 ∪ 〈u1, u2, u4〉, and project from u onto a 3-dimensional space in PG(4,3)
which does not contain u. We then see that these projections necessarily belong to a plane, so F˜
belongs to a 3-dimensional space, hence F˜ is an AG(3,3) and the theorem is proved. 
Consider again the PG(5, q) in which S is constructed, and the symplectic polarity Θ of
PG(5, q). Let x /∈ (∞)⊥, so x is not contained in (∞)Θ = PG(4, q). There are exactly q − 1
elements of PGL(6, q) which fix (∞) and x, which fix (∞)Θ ∩ xΘ pointwise and which com-
mute with Θ . These automorphisms form a group Kx isomorphic to the multiplicative group
of GF(q); this group Kx is isomorphic to the aforementioned kernel of S . Let (∞)L = L∗
and (∞)M = M∗, with L,M ∈W , be distinct lines of S incident with (∞); the line L∗ is a
translation line of S . Consider a (q + 1) × (q + 1)-grid Γ containing L∗,M∗ and x; such a
(q + 1) × (q + 1)-grid exists by Payne [11]. The (q + 1)2 points of Γ are the q2 points not in
PG(4, q) of a plane Φ of PG(5, q), with Φ  PG(4, q), (∞) /∈ Φ , Φ∩L∗ = {u}, Φ∩M∗ = {u′},
together with (∞), the q lines of L∗ containing u but not (∞), and the q lines of M∗ containing
u′ but not (∞). The 2(q + 1) lines of Γ are L∗, M∗, the q totally isotropic planes containing u
and intersecting Φ in a line, and the q totally isotropic planes containing u′ and intersecting Φ in
a line. Let γ ∈ Kx . Then xγ = x,uγ = u,u′γ = u′,Φγ = Φ . The automorphism of S defined by
γ is also denoted by γ . Then Γ γ = Γ . Let Γ1 be the line set of Γ containing L∗ and let Γ2 be the
line set of Γ containing M∗; further, let L′ ∈ Γ1 with xIL′, and M ′ ∈ Γ2 with xIM ′. If Nγ = N ,
with N ∈ Γ1 \ {L∗,L′}, then it easily follows that γ = 1. Hence γ acts sharply transitively on
Γ1 \ {L∗,L′}, and similarly on Γ2 \ {M∗,M ′}.
Now we consider again the egg O. With (∞) corresponds π ∈ O, with L∗ corresponds the
translation point of T (O), with x corresponds a PG(n, q ′) containing an element π ′ ∈O \ {π},
and with M∗ corresponds a PG(3n,q ′) containing the tangent space τ of O at π . With γ ∈ Kx
corresponds an automorphism γ of PGL(4n + 1, q ′) fixing O, all 3n-dimensional spaces con-
taining τ , and all points of PG(n, q ′); see Bader, Lunardon and Pinneri [1] (or, independently,
Thas and K. Thas [20]). With the q + 1 points of Γ incident with L∗ there correspond the el-
ements π,π ′,πi1,πi2, . . . , πiq−1 of O. We have {πi1,πi2 , . . . , πiq−1}γ = {πi1,πi2, . . . , πiq−1}. As
Γ is a grid, it follows that the tangent spaces τ, τ ′, τi1, τi2, . . . , τiq−1 of O, at the respective ele-
ments π,π ′,πi1,πi2, . . . , πiq−1 , have an (n − 1)-dimensional space ζ in common. Note that by
Theorem 4.3.4 of Thas [17], the intersections τ ∩ τi ∩ τj , with i = j , are elements of a regular
(n − 1)-spread S of τ . Clearly ζ γ = ζ . The space ζ is an element of the regular (n − 1)-spread
S of τ , and it also belongs to the regular (n − 1)-spread S′ induced by S in τ ∩ τ ′. As we can
choose πi1 arbitrarily in O \ {π,π ′}, we have ηγ = η for each element η in S′.
Let B′,G,Kx, , . . . be as in Section 6, with r = x.
Suppose  fixes B′G, so that |B′KxG| = q2(q−1)/2. Then there are (q+1)(q−1)/2 elements
of B′KxG containing x′. We recall that  fixes precisely {(∞), x}⊥ ∪ {(∞), x}⊥⊥ elementwise.
By Lemma 7.2, we know that SD is a TGQ with translation point L∗. Put SD = T (O), with
O an egg of PG(4n − 1, q ′), with q ′n = q , and suppose T (O) is constructed in PG(4n,q ′) ⊇
PG(4n− 1, q ′). By Bader, Lunardon and Pinneri [1] (see also Thas and K. Thas [20]),  induces
a collineation of PG(4n,q ′) which stabilizes O; clearly,  fixes a 2n-dimensional subspace η of
PG(4n,q ′) pointwise that contains two elements of O. So  is an element of PGL(4n+ 1, q ′).
In S , there are q2(q−1)/2− (q+1)(q−1)/2 = (q−1)(q2 −q−1)/2 elements of B′KxG not
containing x′. As q − 1 does not divide (q − 1)(q2 − q − 1)/2, there is some element in Kx \ {1}
fixing at least one element in B′KxG not containing x′. Suppose the element κ ∈ Kx \{1} is of odd
order, or of even order bigger than 2, and suppose it fixes B∗ ∈ B′KxG, with B∗ not containing
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not possible. So κ has to have order 2, and hence κ = . So  must fix at least one of the subGQs
of order q containing B∗, say S∗.
Now we work again in the projective model of SD . Then as S∗D = S ′′ = T (O′′) is fixed
by , the (3n − 1)-space 〈O′′〉 = PG(3n − 1, q ′) contains τ ∩ τ ′, with τ ′ the tangent space of
O at its element π ′ corresponding to x′. For, suppose PG(3n − 1, q ′) does not contain τ ∩ τ ′.
We know that 〈π,π ′〉 is fixed pointwise by , so the involution of τ induced by  has an axis a
containing π . Suppose a = π . Then 〈a,π,π ′〉 intersects an egg element different from π and π ′,
contradiction, as otherwise this element would be fixed by . So π is an axis of  (in τ ). Any
space in τ containing the axis π is fixed by , so if a subspace skew from π is fixed by , it is
fixed pointwise. So τ ∩ τ ′ is pointwise fixed by , and as τ ∩ τ ′ is (2n− 1)-dimensional, it must
be the other axis of  (in τ ). It now follows directly that PG(3n− 1, q ′) contains τ ∩ τ ′. Suppose
y /∈ (∞)⊥ is a point of S ′′, and consider the group Ky . We use the same notation for this group in
the dual setting. Let τ ′′ be the tangent space ofO corresponding to y. Let β ∈ Ky be a non-trivial
element; as τ ∩ τ ′ ∩ τ ′′ is an element of the regular (n− 1)-spread S′′ induced by S in τ ∩ τ ′′, it
follows that β fixes τ ∩ τ ′ ∩ τ ′′ = χ , so that Ky fixes the space PG(3n − 1, q ′) ∩ τ ′′ = δ while
|B′Ky | = |O′′Ky | = q − 1. So there arise q − 1 distinct (3n − 1)-spaces having two by two δ as
intersection. It easily follows that there is a (3n − 1)-space containing δ and qn + 1 elements
of O. We conclude that there is also a subGQ of order q containing π . Hence by Theorem 5.1 of
Brown and Thas [4], S is classical, a contradiction.
The next theorem follows now immediately.
Theorem 7.3. If O(n,2n,q) is an egg in PG(4n − 1, q) for which the translation dual
O∗(n,2n,q) is good at the tangent space ofO(n,2n,q) at its element π and if there is a pseudo-
oval on O(n,2n,q) not containing π , then O(n,2n,q) is classical.
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